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A method has been developed for the application of wall functions to generalized curvilinear coordinate systems
with nonorthogonal grids. Two test cases have been computed using this method with the k-e turbulence model:
flow over a flat plate at 0-deg angle of attack using a nonorthogonal grid at the wall and flow over a prolate
hemispheroid with a hemispherical nose cap at 0-deg angle of attack. Al results are compared with experimental
data. In addition, the hemispheroid results are compared with computations using the Baldwin-Lomax algebraic
turbulence model and the Chien low-Reynolds-number k-e turbulence model.

Nomenclature
B = constant for law of the wall, 5.0
b = proportionality constant between metrics
Cy = friction coefficient
C = constant for k-¢ model, 1.44
C, = constant for k-¢ model, 1.92
c = constant for Norris and Reynolds near-wall length

scale equation, 2.5

specific heat at constant pressure

constant for k-¢ model, 0.09

metric matrix

= metric tensor

= source term vector for k-e equations

= Jacobian of coordinate transformation

= turbulent kinetic energy

= reference length

= near-wall length scale of Norris and Reynolds

normal distance from wall

physical shear stress matrix

= rate of production of turbulent kinetic energy

static pressure

dependent variable vector

= Reynolds number, a L /v

= turbulent Reynolds number, Jkn /v

= Reynolds number based on freestream velocity and
distance from virtual origin

= position vector

= diagonal matrix containing functions of metrics

= shear stress matrix

= time

U,V,W = contravariant velocity components

u = velocity parallel to wall (two-dimensional examples)
u,v,w = velocity components in Cartesian coordinate directions
ut = velocity normalized by friction velocity

U, = friction velocity

u(a) = physical velocity component in o direction

X, ¥, 2 = Cartesian coordinate directions

y = coordinate direction normal to wall (two-dimensional

examples)
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y+ = distance from wall in wall coordinates
*+ = point where viscous sublayer intersects log region,
neglecting buffer region
y = coordinate direction normal to wall
8 = boundary-layer thickness
8;j = Kronecker delta
€ = dissipation rate of turbulent kinetic energy
3 = von Kérmdn constant, 0.41
7 = molecular viscosity
e = turbulent viscosity
&,7n,¢, 7 = transformed coordinates
p = density
oy = constant for k-€¢ model, 1.0
Oc = constant for k-¢ model, 1.3
T = shear stress; transformed time in Eq. (1)
T(af) = physical shear stress component in ¢, 8 directions
@) = tensor in transformed coordinates
) = modified by wall functions
@) = vector in transformed coordinates, conservation law

form

Subscripts and Superscripts

= turbulent

= viscous

= wall

= freestream condition

ge=s "

Introduction

HE standard high-Reynolds-number k-¢ model requires mod-
ification for flow near walls to account for damping of velocity
fluctuations normal to the wall and for viscous effects. Three com-
mon approaches are the addition of low-Reynolds-number terms,
patching in a simpler model near the wall, and using wall functions.
In low-Reynolds-number models, terms are added to the stan-
dard model, some of which typically contain exponential damp-
ing functions.!-? These models require fine grid resolution near the
walls, resulting in a relatively large total number of grid points. The
equations are difficult to solve numerically due to their stiffness,
and results from these models are often disappointing when com-
pared with experimental data.*~
A second approach is to patch in a simpler model at the wall, such
as an algebraic model or a one-equation model. This method has
been shown to yield good results for some flowfields,” but more
testing is required before it may be fully assessed. A disadvantage
of the patched models is that they also require fine grid spacing at
the wall.
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A third approach is to use wall functions. The idea behind wall
functions is that knowledge of the basic structure of turbulent bound-
ary layers may be applied to flow near walls. The entire turbulent
boundary layer need not be resolved, and a large grid spacing may
be used at the wall. Since the rate at which the grid may stretch away
from the wall is limited by most numerical solution schemes, wall
functions result in a large saving in the total number of grid points re-
quired. Viegas and Rubesin? found that approximately half as many
grid points were required when using wall functions as compared
with low-Reynolds-number models. The reduced memory and CPU
time required when using wall functions can be extremely important
for the computation of complex three-dimensional flowfields.

One disadvantage of wall functions is that the log equation,
which is fundamental to wall functions, is not accurate for some
flowfields, such as those with regions of separated flow. Even
with this limitation, wall functions have been shown to yield
results comparable, and often superior, to those obtained with low-
Reynolds-number models, including computations of some complex
flowfields.>%10-12

Although it is straightforward to apply wall functions to simple
geometries, difficulties arise when they are applied to complex ge-
ometries in generalized coordinate systems. In the Navier-Stokes
equations, the shear stresses at the wall must be modified to reflect
the values computed from the wall function equations. Although
methods exist to do this for specific geometries and boundary con-
ditions, they are not applicable to general geometries with wall heat
transfer. A method is presented here that may be applied to gen-
eralized, curvilinear coordinates with nonorthogonal grids at walls,
including cases with nonadiabatic walls. The present method is valid
for points in the viscous sublayer as well as points in the log region.

Equations and Algorithm
The turbulence transport equations are nondimensionalized by
the following reference quantities: velocity a,,, density pu, viscos-
ity fteo, length L, and time L /a. In transformed coordinates, the
equations are given by
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The turbulent viscosity is given by

2
V= Re(cuk?> (19)

For each time step, the Navier-Stokes equations are solved
using a partially flux-split two-factor scheme.!* The turbulence
transport equations are then solved using a first-order upwind three-
factor scheme. The source terms are fully linearized {including
ue = wu(k, €)]. After each time step, any values of k and € that
are less than the freestream values are set to the freestream values
to help prevent unphysical transient solutions. Additional details of
the solvers are given by Sondak et al.'*

Wall Functions

Wall function formulations consist of three basic steps. First, the
friction velocity u, and the wall shear stress 1, are computed as
functions of the mean flow variables. Values of k and ¢ are then
computed at the grid point adjacent to the wall and are used for
the boundary conditions for the turbulence transport equations. Fi-
nally, the wall shear stress from the first step is forced into the
Navier-Stokes equations. It is this third step that proves nettlesome
in generalized curvilinear coordinates.

A typical turbulent boundary-layer velocity profile is shown in
Fig. 1. The incompressible form of the law of the wall will be used
here for simplicity, although extension to the compressible form is
straightforward.” In the log region, the velocity profile is given by

1 x
i=_1n(" y>+B 0)
Uy K v
or in wall coordinates,
1
ut =~In(y" + B 3))
K
For the viscous sublayer,
¥ _uy 22)
Uy v
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Fig.1 Typical turbulent boundary-layer velocity profile.

or
ut =y* (23)

The friction velocity and wall variables are defined by

O 24)
Puw
ut=2L ©5)
Uy
and
yt=22 26)
v

Using # and v from the previous time step, the friction velocity
u, can be calculated from Eq. (20) or Eq. (22), depending upon
whether the grid point adjacent to the wall falls in the log region
or the viscous sublayer. The appropriate equation is determined
as follows. Referring to Fig. 1, Eqs. (23) and (21) may be seen to
intersect at a single value of y*, which will be called yt. Neglecting
the bufferregion, y delimits the viscous sublayer and the log region.
From Egs. (23) and (21),

1
v = < In(y;) + B 27

This equation is solved for y using Newton integration (to allow for
various input values for ¥ and B). It is temporarily assumed that the
point in question is in the viscous sublayer. Using the velocity and
viscosity from the previous time step, Eq. (22) is solved for «,, and
y™* is calculated from Eq. (26). If y* is less than y?, the assumption
that the point is in the viscous sublayer is correct. Otherwise, the
pointis actually in the log region, and ., is recomputed from Eq. (20)
using Newton iteration. The wall shear stress may then be computed
by rearranging Eq. (24).

The next step is to set the boundary conditions for k and € at
the point adjacent to the wall. If the point is in the log region, it is
assumed that the rate of production of turbulent kinetic energy is
equal to the rate of dissipation, so

2

u
k=22 28
o , (28)
and
3
= U 9)
Ky

If the point is in the viscous sublayer, the assumption that pro-
duction equals dissipation is not valid, and a different method must
be employed. It can be shown that

k oc y? (30)

3e y

21/2

2e

1172

Fig.2 Simple two-dimensional coordinate system.

near the wall.! The value of k is known at y = y7 from Eq. (28) and
is equal to zero at the wall due to the no-slip condition. Equation (30)

therefore becomes
2 +\?
=)
n \ Ve

This is similar to the method used by Gorski.” In deriving Eq. (31),
it has been assumed that Eq. (30) is applicable throughout the vis-
cous sublayer, even though this is strictly correct only very close
to the wall. Additional computations will be required to determine
whether or not this assumption causes significant errors, but the
errors are expected to be small within the context of algebraic near-
wall models.

An expression for € is still needed for points in the viscous sub-
layer. Following Rodi,? the length scale equation of Norris and
Reynolds!® will be used,

1y

e = ——————— 32
14 5.3/Re, (32)
where
o =xc;* (33
and
JVk
Re, = Y22 (34)
v
Now that £ and /, are known, € may be computed from
1372
€= (35)
le

Definition of the boundary conditions for k and ¢ is now complete.

The remaining step is to force the computed wall shear stress into
the Navier-Stokes equations. A simple two-dimensional coordinate
system for a boundary-layer flow with the £ and 5 directions aligned
with the x and y directions, respectively, is shown in Fig. 2. A
sample diffusion term from the Navier—Stokes equations, 37 /97,
is approximated at point 2 by

ar™ x .
5 ~ 12; —r‘; (36)

At point 1%, the shear stress 77 is approximated by

U — g
Y2 =0

T} Gty @37)
Figure 3 shows a velocity profile on a grid with an exaggerated
coarse spacing at the wall. The slope of the velocity profile at the
wall will not be computed correctly, and Eq. (37) will not give a
reasonable approximation to 7} .

One approach to solving this problem is to define an effective
viscosity at the wall'® such that the correct shear stress is obtained
from Eq. (37), but this technique can result in errors in the energy
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Fig. 4 General three-dimensional geometry.

equation. This may be seen by examining the heat transfer term in
the energy equation,

" W \ dh
= — 4+ = | — 38
a (Pr+Pr,>8xi ©8
where g; is the i-direction heat transfer rate. The slope of the en-
thalpy profile will not be computed correctly numerically, for the

same reason that was described earlier for the velocity profile. From
the Reynolds analogy,

G _|(# _ B du;
E'[(Pr Pr,)axi]/[(“+“’)axi] ©9)

If the ratio of the numerically computed slopes were equal to the
actual ratio of the slopes, the same effective viscosity could be used
in the momentum and energy equations. This is not, however, gen-
erally true.

To circumvent this problem, the shear stress deduced from the
wall functions can be directly substituted for rﬁ in Eq. (36), as-

suming a constant-stress layer near the wall. [The constant-stress
assumption is consistent with the derivation of the law of the wall,?°
Eqgs. (20) and (22).] An analogous substitution may be made for the
heat transfer rate in the energy equation. This obviates the need to
compute the slopes of the profiles.

This method becomes more complicated for general geometries,
as shown in Fig. 4. The shear stress from the wall functions, z,,, rep-
resents the shear stress acting parallel to the wall (in the §-7 plane
in Fig. 4) and is not equal to t*” as in the previous simple example.
For the Navier-Stokes equations, the stress tensor in Cartesian co-
ordinates (%%, T, ...) is required. The following procedure will
be used to compute this tensor. First, all components of the stress
tensor will be computed in the conventional way using equations of
the form of Eq. (37). This tensor is then transformed to a coordinate
system with directions parallel and perpendicular to the wall, and

physical components are computed in these directions. The shear
stress T, is substituted for the appropriate physical components, and
the transformation is reversed to obtain the required stress tensor.
Details of these transformations will now be given.

Transformations

In generating grids for complex geometries, it is often difficult to
maintain grid orthogonality at walls. In the following transforma-
tions, a coordinate direction perpendicular to the wall is required, so
a new coordinate direction, called “y,” is defined in this direction.
This new coordinate direction is used only in the shear stress trans-
formations and not in the flow computation. An example coordinate
system with the y direction is shown in Fig. 5. In this example, the
wall is defined by the £ and 7 directions. Similar coordinate systems
may be constructed for walls defined by the £-¢ and n-¢ directions,
but, for simplicity, only the coordinate system in Fig. 5 will be dealt
with here.

Metrics

First, metrics must be established in the new coordinate system.
The covariant base vectors, which are the base vectors tangent to
the coordinate directions, are given by

re = (Xg, Vg, Z¢) (40)

.rﬂ = (Xp> Yn» 29) 4D
and

re = (x¢, Yoo 2¢) 42)

The contravariant base vectors are

r, Xr,
VE = n ¢
S g Ty XTIy (43)
Iy XTI
Vp= —— > 44
" g T, XTI; ( )
and
re XTIy
Vi=—""1_ 45
; Fg -Ty XTI ( )

For a computational grid, the denominator of Egs. (43—45) repre-
sents the volume of the grid cell or the reciprocal of the Jacobian of
the coordinate transformation, J .

From Eq. (45), it may be seen that V¢ is perpendicular to the £
and n directions. Since the covariant y base vector,

ry = (Xy, Yy, Zy) (46)

is also perpendicular to the & and n directions, V¢ and r, are pro-
portional to one another. Denoting the proportionality factor as b,

x, = b, 47

Yy = bty 48)

Fig. 5 -~ coordinate direction.
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and
2y = btz . 49)

The y direction has been defined, but magnitudes of the y metrics
still have to be established. In the example coordinate system of
Fig. 5, an equation may be written analogous to Eq. (45),

T XTIy

Vy=—"T— 0
Xy I, Xr,

Recall that the denominator of this equation is equal to J~!. Since
the values of the Jacobians will be available in (£, 7, ¢) coordinates,
the Jacobians in the (§, 1, ) coordinate system will be chosen to be
equal to those in the old system. This is simply a convenience, so the
computation of new Jacobians is not required. Comparing Eqgs. (45)
and (50), it may be seen that by setting the old and new Jacobians
equal, the contravariant base vectors in the y and ¢ directions are
also equal,

Vs =1{x (5D
=15 (52)
and
ve=1¢: (53)
The term J~! is given by
J'=r -1, xr, (54)

Carrying out the vector operations,
It = xg (Vn2y ~ Yy 2p) T Y 0y 2y — X2y ) +25 (X5, — %, ¥y) (55)

Substituting Egs. (47), (48), and (49) into Eq. (55) and solving for
b give
J—l
b=
Xg (yn§z - é-yé'r]) + Ye(Cxzy — xpl.) +z¢ (xnCy - fxy”)

The metrics x,, y,, and z, may now be calculated from Eqgs. (47—
49). The remaining unknown contravariant base vectors are given by

(56)

Iy XI
VE = ——— (57
Ig Ty X T
and
r, Xr,
Vp= L% 58
" Ie Ty XTI, 8)

The calculation of all of the metric quantities that are needed for the
coordinate transformation is now complete.

Original Stress Tensor

The next step is to calculate the shear stresses in Cartesian (x, y, 2)
coordinates (e.g., ™) at point 1% using the equation

i — Re! Oup | Ouy 2, ) 2o

™/ =Re (1 + #t)(axj + %, 3% 3x, 33,,pk 59
These should be calculated in the same way that they are calculated
in the discretized Navier—Stokes equations, i.e., the same averaging
procedure should be used to obtain values at point 11, since some
components may not be altered in the current procedure. The stresses
are then transformed to the generalized coordinate system using the
standard tensor transformation?!

7P — a_y‘i Mrii
oxi 9xJ

Here, the (*) symbol represents quantities in the generalized coordi-
nate system. For clarity, Greek letters are used for tensor indices in
generalized coordinates, and Roman letters are used for tensor in-
dices in Cartesian coordinates. The tensor x’ represents the Cartesian
coordinate x, y, or z, and y* represents the generalized coordinate
& m,ory.

(60)

Physical Components

The stresses £*# do not generally represent physical quantities,
since the grid may be stretched in all directions. To obtain the phys-
ical components of the shear stresses in the generalized coordinate
directions, we employ the following equation,??

#(af) = ,/g&;éﬁﬁ“’ (nanﬁ:) (61)

where T (af) represents the physical components of the tensor. The
metric tensor g is given by

. axt ax!

8up = 3% 8yF (62)

The physical velocity components in the generalized coordinate
directions will also be needed:

(@) = U*/80a (noZ) (63)

where U represents the contravariant velocity components,

o
ge= 27 (64)
ax?
Capital U is used for the contravariant velocity components, and
lower case u is used for the physical velocity components in the
Cartesian coordinate directions to be consistent with standard com-
putational fluid dynamics (CFD) notation.

Inclusion of Wall Function Shear Stress

For three-dimensional geometries, the wall shear stress 7,, must
be broken into components in the coordinate directions parallel to
the wall (in the present example £ and 7). Scaling the shear stress
components with the velocity components in the & and 7 directions
gives

i(§)

T¢y) = —V—p‘fw (65)
and

L _ i(n)

T(ny) = Tptw (66)

where V), is the velocity component parallel to the wall, and 7,
is the wall shear stress from the wall functions. The symbol () is
used to indicate physical shear stress components that were deduced
from the wall function equations, as opposed to those computed
from Eq. (61). The physical shear stress components computed from
Eq. (61) are now modified to reflect the wall function values. In
the present example, ¥(§y) and 7 (ny) calculated in Eq. (61) are
replaced by the values from Egs. (65) and (66).

Reverse Transformation

Now that the shear stresses from the wall functions have been
included, the previous procedure will be reversed to transform the
new physical stresses in the generalized coordinate system to phys-
ical stresses in Cartesian coordinates. First, an equation is required
to calculate tensor components from physical components, i.e., the
inverse of Eq. (61). It is convenient here to work in matrix notation
rather than with tensors. To express Eq. (61) in matrix notation,
matrices will be defined as follows:

(1) 7(12) t(13)
P=| 12l 1(22) (23) (67)
(3l t(32) t(33)

T=| ¢ 2 3 (68)
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Table 1 Summary of stress transformations

Step Action Variable Eq.
1 Compute stresses in Cartesian coordinates 7l (59)
2 Transform stresses to generalized coordinates zop (60)
3 Compute physical components of stresses in T(@pB) 1)

generalized coordinate directions

4 Split wall shear stress into components parallel %(S ), %(ny) (65), (66)
to the wall
5 Substitute new shear stress components into i’ (74)
physical stress matrix
6 Compute stresses in generalized coordinates ;‘ (73)
from physical components
7 Compute new stresses in Cartesian coordinates ¥ s)
g1 812 813 i
G=|g1 & & (69
831 832 833
&1 0 0 ‘
S=; 0 Jgu O (70)
0 0 e
The (%) notation has been dropped, since these definitions hold =

for any coordinate system. Noting that the matrix G is symmetric,
Eq. (61) may be written in matrix notation as

P=STS'6)7 an
Solving for T,
T=5"P[s"'6)]" (72)

In the present example the new stress tensor may be computed from
Eq. (72),

=3P 6] (73)

g .
where P is

1) TEn  HEY)
P=|t@m®) tom oy (74
Hye) #em T(vy)
Note that the stress components from Egs. (65) and (66) have been

substituted into the P matrix. Finally, returning to tensor notation

X -
(T = %aﬁ ), the new stress tensor must be transformed to Cartesian
coordinates,

gij _ X' %i%aﬂ
T oy® ayh

5

In the Navier—Stokes equations, stresses adjacent to the wall, usually
computed as in Eq. (37), are replaced by the new stress tensor ¥,
A summary of the procedure just described is shown in Table 1.

Results

Flat Plate

The first test case is the computation of incompressible, turbulent
flow over a semi-infinite flat plate with zero pressure gradient. A
skewed grid is used at the wall to test the procedure defining the y
coordinate direction. The grid is orthogonal to the plate at the inflow
boundary. Moving downstream, the grid lines gradually become
more and more skewed, until they reach an angle of 60 deg with
respect to the plate. They remain at this angle for the rest of the
domain. A close-up of the region of the grid near the wall is shown
in Fig. 6.

This configuration was chosen for two reasons. First, if the
grid were skewed at the inflow boundary, the boundary conditions
would have been more difficult to implement. Also, some of the

Fig. 6 Close-up of skewed flat plate grid near inflow boundary.

metrics (e.g., 8¢ /dx) are changing along the transformed coordi-
nate directions, and so additional terms are brought into play in
the computation.

The freestream Mach number was set to 0.2 to minimize com-
pressibility effects. The Reynolds number based on freestream ve-
locity was 1 x 10° at the inflow boundary and 8 x 10° at the outflow
boundary. The reference length was defined such that the distance
from the virtual origin of the boundary layer to the inflow boundary
was one unit of length. All lengths were normalized by this distance.

The wall spacing (distance from the wall to the grid line adjacent
to the wall) was chosen such that Ay} = 140, which is well into
the log region. The domain extended from 1 to 8 in the streamwise
direction and from 0 to 1.5 in the normal direction. The location
of the outer edge was chosen to exceed 10 times the estimated
boundary-layer thickness at the downstream boundary. The grid
was 101 x 61 (streamwise X normal).

An inflow streamwise velocity profile was specified using Coles’
law of the wake? at Re = 1 x 10°. Note that the profile in the
viscous sublayer was not required since wall functions were being
used. At the inflow boundary, the normal velocity component was
set to zero, the density was fixed at the freestream value, and the
pressure was extrapolated (streamwise pressure gradient set to zero).
At the outflow boundary, pressure was fixed at the freestream value,
and density and both components of momentum were extrapolated.
At the outer edge, density, both components of momentum, and
pressure were extrapolated. At the wall, the velocity was set to zero,
and density and pressure were extrapolated.

The inflow turbulence quantities were more difficult to estimate.
Klebanoff?* measured the turbulent Kinetic energy profile for in-
compressible flow over a flat plate with zero streamwise pressure
gradient at Re = 4.2 x 10°, These data were used to make a rough
estimate of the distribution at the present Re = 1 x 105, Correla-
tions of C; vs Re, are readily available for this simple flow.” Using
the estimated Cy, an estimate of u, was obtained. The value of k
at the grid point adjacent to the wall was computed from Eq. (28),
and the entire Kiebanoff distribution was scaled to match the com-
puted value at this point. Finally, freestream values were cut off at
k/UZ = 0.0002, Klebanoff’s approximate freestream k.

The inflow € distribution was estimated using a method described
by Launder et al.?6 The ratio of turbulent shear stress to turbulent ki-
netic energy was estimated to equal the constant 0.3. Since the k dis-
tribution was estimated earlier, the turbulent shear stress distribution
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Fig. 8 Velocity profile, flat plate, skewed grid.

was also “known.” The turbulent viscosity was then computed by
rearranging the equation

ii Ju; ou; 2 ouy 2
b= e (244 2 25 0 ) 25 k76
wos e (“’)(ax,-+ ox, 375 ) T 300Pk (0

Equation (19) was then used to compute €.

At the outflow boundary and the outer edge, k and ¢ were extra-
polated. Values of k or € are not required at the wall when using
wall functions.

Since the friction coefficient is easily deduced from the friction
velocity and the friction velocity is computed directly from the wall
functions, comparison of friction coefficients is a good check on the
effectiveness of a wall function formulation. An equation for the
friction coefficient distribution for turbulent flow over a flat plate is
given by?

1 . e/cB i Z4 ZS
= A — —4 —6-2Z - -2
Re, 12)L + = |:e z Z+6)—6 TR an

where

A=,/2/Cy (78)

and
Z=kA ‘ 79)

The computed results, shown in Fig. 7, are within 1.5% of the values
from Eq. (77).

The computed velocity profile at Re, = 4.2 x 10° is compared
with the Klebanoff test data in Fig. 8, where § is the boundary-
layer thickness and Unif is the freestream velocity. Again, the match
is good.

Another test case was run identical to that previously discussed,
but using an orthogonal grid throughout the domain. The results
were indistinguishable from the skewed grid case.

Fig.9 Prolate hemispheroid, 101 X 104 grid.

Prolate Hemispheroid

The next step was to test the wall function formulation on a curved
surface. A well-behaved (nonseparated) flowfield was desirable,
since the purpose was to check the stress tensor transformations,
and not yet to deal with the issue of the effectiveness of the present
wall function formulation for separated flows.

Ramaprian et al.?’?® measured surface pressures, friction coeffi-
cients, and velocity profiles for incompressible flow over a prolate
hemispheroid with a hemispherical nose cap at zero and 10-deg
angle of attack. The zero-degree angle of attack case was computed
here using the k-¢ model with the present wall function formulation
as well as the Baldwin-Lomax? algebraic turbulence model and the
Chien? low-Reynolds-number k-¢ model.

The reference length for all distances in this section is the
length of the body. The experimental Reynolds number based on
freestream velocity was 2 x 105, and the freestream Mach num-
ber was approximately 0.06. The computations were run at the test
Reynolds number, but the frestream Mach number was raised t0 0.10
to avoid the incompressible limit of the code while still maintaining
essentially incompressible flow. In the experiment, the boundary
layer was tripped near the nose (x = 0.04), and the computations
were therefore run completely turbulent.

Since the geometry was symmetrical, only half of the domain
was solved. All grids were generated using the hyperbolic scheme
of Chan and Steger.*° Initially, an elliptic scheme was tried, but it
proved impossible to maintain the desired wall spacing. The hy-
perbolic scheme permitted excellent control over wall spacing, ran
extremely fast, and was easy to use.

A wall spacing was desired that would provide adequate resolu-
tion for the Baldwin-Lomax and Chien models without requiring
an excessive number of grid points. A wall spacing of Ayt ~ 4
was chosen, resulting in a 101 x 104 (streamwise x normal) grid.
This wall spacing would be somewhat coarse for many flows but
proved sufficient for the present relatively simple flowfield. The
wall-function cases were also run on a coarse grid, 101 x 80,
with Ay} =~ 48. The grids were stretched geometrically normal
to the body using a stretching ratio of 1.11. This relatively con-
servative value was chosen to minimize numerical errors due to
grid stretching.

The body in the experiment was suspended by wires and therefore
had no sting, so an o-grid was the natural choice for this configura-
tion. The domain extends approximately 20 body lengths from the
surface. A close-up of the grid is shown in Fig. 9. At the leading
edge, x = 0, and at the trailing edge, x = 1. At the centerline of the
body, z = 0.

At the outer edge of the domain, for inflow points, density and
momentum components were fixed and pressure was extrapolated.
At outflow points, pressure was fixed, and density and momentum
components were extrapolated. At the axis, density and x momen-
tum were extrapolated. The z momentum was set to zero due to
symmetry. Flow along the axis streamline is irrotational, and so
Bernoulli’s equation was used to compute pressure. At the body
surface, density and pressure were extrapolated, and momentum
was set to Zero.

At inflow points both k and € were specified to freestream val-
ues, and at outflow points they were both extrapolated. At the axis,
they were both also extrapolated. At the body surface the bound-
ary conditions are part of the wall-function formulation. For the
Chien model, k and € were set to zero at the wall. Since the tunnel
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Fig. 10 Pressure coefficient, prolate hemispheroid.
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Fig. 11 Friction coefficient, prolate hemispheroid (see Fig. 10 for
legend.)

turbulence level was not measured in the experiment, a value of
k/UZ = 0.005 was assumed. A freestream turbulent viscosity of 0.1
(nondimensional) was assumed, and € was calculated from Eq. (19).
Experience has shown that there is latitude in selecting the value of
the freestream turbulence level and turbulent viscosity without af-
fecting the solution.

Computed boundary-layer profiles are often affected adversely
by even modest amounts of smoothing.?! Since the physical shear
stresses become large near walls, smoothing may be decreased in this
region without causing the computation to become unstable. Various
techniques of gradually reducing the smoothing near the wall were
tried, but the best solution was to simply set the smoothing equal to
zero at the seven grid points adjacent to the wall. The number of grid
points at which the smoothing may be set to zero is a function of
the flowfield, and it should not be construed that the number seven
is optimal in any sense.

The computed pressure coefficient distribution is compared with
the experimental data in Fig. 10. All turbulence models give good
results, including the wall-function solution on the coarse grid.

Friction coefficients [c; = 21,/ (Poott2;)] are shown in Fig. 11.
For the wall-function cases, the friction coefficients were calcu-
lated from the known shear stress. For the other two models,
Ty & wdV/on, where V is the velocity magnitude and » is the
normal distance from the wall. The results from all three models
compare well with the test data with the exception of the first mea-
surement station. The first measurement station is located in aregion
of adverse pressure gradient immediately after the flow accelerates
over the nose in a strongly favorable pressure gradient, and this
is a difficult situation for any turbulence model to simulate accu-
rately. As will be seen in subsequent plots, none of the models
reproduce the character of the velocity distribution very well at the
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Fig. 12 Velocity profiles, prolate hemispheroid (see Fig. 10 for legend.)

first measurement station. It is also possible that the flow relaminar-
ized after being tripped near the stagnation point in the experiment.
This would explain the fact that the measured friction coefficient is
lower than the computed values at the first measurement station. The
velocity distributions are shown in Fig. 12. Results from all models
compare reasonably well with the test data. More importantly, the
wall function solution is very close to the solution from the other
two models. It should be kept in mind that the grid point adjacent
to the wall lies in or near the viscous sublayer and not in the log
region. In this respect, it may be thought of as a “worst case” test
for the present wall functions. The coarse-grid solution shows some
deviation from the fine-grid solutions, but the differences are not
large. In the 101 x 80 grid, the point adjacent to the wall is in the
log region, whereas this is not true for the finger grid, and so the
boundary conditions for k£ and € are computed differently for the two
cases [Egs. (28) and (29) vs Eqgs. (31) and (35)]. Also, even when
using wall functions, there is a limit to the coarseness of the grid
that may be employed while still resolving features of the boundary
layer. The coarse grid case may be pushing that limit.

Conclusions

A method has been developed for the application of wall functions
to generalized curvilinear coordinates with nonorthogonal grids. It
has been tested on a flat surface with a nonorthogonal grid and a
curved surface with an orthogonal grid.

For flow over the prolate hemispheroid, the k-¢ model with the
wall function formulation, the Baldwin-Lomax algebraic model, and
the Chien low-Reynolds-number k- model all gave good results for
the fine-grid case. For the case with larger grid spacing at the wall,
the wall-function solution still gave good results, demonstrating the
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effectiveness of the technique used to handle points in both the log
region and the viscous sublayer.

It is well known that the k-¢ model requires attention for flows
with strong adverse pressure gradients and streamline curvature.
Various modifications have been proposed.**~3° The application of
such enhancements has the potential to improve the solution at the
first measurement station. The use of wall functions on curved sur-
faces should not pose any problems, since the law of the wall has
been observed to hold close to both convex and concave surfaces.*®
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